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ABSTRACT: The study of fixed-point theory is very vast area for researchers. It has huge applications in

many disciplines of pure and applied part of Mathematics along with Physics, Chemistry, Biology, Computer fields
etc. Here we are trying to establish a fixed-point theorem for integral type compatible mapping satisfying integral

type contractive inequality in Cone metric space.
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point.

1. INTRODUCTION

Fixed point theory is very extensive and wider field for research. The concept of metric space
was introduced by M. Frechet. Banach contraction principle is indeed the most popular result of
fixed-point theory, this principle has many applications in several fields like Biology, Physics,
Chemistry, Topology, Digital Topology, Fractal theory etc. Branciari gave fixed point result for
a single mapping which satisfying Banach contraction condition of integral-type inequality
(Branciari, 2002). After that, many researchers have defined some fixed-point theorems
involving more general contractive conditions. Huang and Zhang gave the concept of Cone
metric space and established fixed point theorems for contractive mappings in cone metric
space (Huang & Zhang, 2007). Suzuki shows that Meir-Keer contractions of integral type
condition (Suzuki, 2007). Abbas and Jungck generalized the result of two self-maps through
weak compatibility in cone metric space (Abbas & Jungck, 2008). Also Rezapour and
Hamlbarani proved the normality condition in cone metric space and established fixed point
theorem, which is milestone in developing fixed point theory in cone metric space (Rezapour &
Hamlbarani, 2008). Wadkar et.al proved some fixed point and common fixed point theorems
for integral type mappings in cone metric space which was generalized form of some well
known theorems ( Wadkar et.al, 2015). In this paper, we establish a fixed-point theorem for

weakly compatible mapping satisfying a general contractive inequality of integral type.
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2. PRELIMINARIES
In this section we recall some notations and definitions
Definition 2.1(Wadkar et.al, 2015):-let E always be a real Banach space and P is a subset
of E. Then P is called a cone in E if,
(i) Pisclosed, non—empty and P # {0}
(ila,beR,a b>0,x, ye€Pimplies ax+by € P
(iii) x € P and —x € P implies x=0 that is PN(-P)={0}
Given a cone 2c/, we define a partial ordering < with respect to P by x < y if and only if
¥ — x€P. We write <y to indicate that » < y but x # », while x<y if and only if y —
X€/n¢P, Int denotes the interior of P.
Definition 2.2 (Wadkar et.al, 2015):-The least positive number k satisfying the above
condition is called the normal constant of P. The authors showed that there is no normal cone
with normal constant M < 1 and for each K > 1. There is cone with normal constant M > k.
Definition2.3 (Wadkar et.al, 2015):-The cone P is called regular if every increasing
sequence which is bounded from the above is convergent, that is if{x,},>; IS a sequence such

that x;<x, < ...<y for some y € X, then there is x €X such that lim ||x,-x||= 0. The cone P is
n—o0

regular iff every decreasing sequence which is bounded from below is convergent.

Definition 2.4 (Wadkar et.al, 2015):-Let X a non-empty set and X is a real Banach space, d

is a mapping from X into itself such that d satisfies following conditions: -

(d1) 'Od(x’”gé(t)dtz 0 for all x,yeX
rd(x.y)
(dz).0 p()dt=0 ox=y

@[ Tomdt =gty

0

d(y.2)

@) gdt= [ gt [ ot

0 0

Then d is called a cone metric on X and(X, d) is called Cone Metric Space
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Definition 2.5 (Wadkar et.al, 2015):- Let A & S be a two mappings of a cone metric space

o o (A s .
(X, d) then it is said to be compatible if lim Io ¢(t)dt =0 whenever {x,}is a sequence

n—oo

in X such that lim Ax,= t and lim Sx,= t for some teX of cone metric space

n—oo nN—o

Definition 2.6 (Wadkar et.al, 2015):- Let A and S are two self-mappings of (X, d) then

these are said to be weakly compatible, if they commute at a coincidence point, that is Sx=Ax

implies that

SAx=ASx vVXxeX..
It is easy to see that compatible mapping commutes at their coincidence points. It is note that

compatible maps are weakly compatible but converse need not be true forany x e X.

3. MAIN RESULT

Here we will establish compatibility and contractive conditions for self-mappings A, B, C &

D in complete cone metric space without assuming their normality.
Theorem 3.1:- Let (X,d) be a complete cone metric space with normal cone P. Let AB, C

and D be four self-mappings from X to X satisfying the condition

d(Ax,By) d(Ax,Cx) d(By,Dy) d(Cx,Dy)
f G(t)dt < Af @(t)dt + ,uf @(t)dt + (Sf @(t)de
0 0 0 0

d(Ax,Dy)+d(Cx,By)
+y j o(t)dt
0

Forall #,y € X; 4, &, J, 7€[0,1/2),with f+u+5+2y<1

(i).1f A(X) =D(X) & B(X) =C(X)

(ii).(A,C) and (B,D) are weakly compatible mapping.

(iii).A and C are continuous then A,B,C and D have unique common fixed point in X.

(iv)-For some A, #, J; 7€[0,1/2) with /+4+5+2p< 1 Such that .z, y € X.
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Then A,B,C and D have a unique common fixed point in X.

Proof:-Let x, € X be any point, now construct a sequence{x,} and {y,} such that

AX, = DX1 = Yo r BXos =CXppip = Yopr s KE N, (3.1.1)

Now we consider,

d (Yax, Yok1) d (A%, BXoxn)
fo POt = g(t)at
Sfljg (szkyBX2k+l)¢(t)dt d( Xok+1s X2k*l)¢(t)dt
6J‘(§J (CXZk,DX2k+1) ¢(t)dt AJ‘d(AXZk DX2k+l)+d (Csz BX2k+1) ¢(t)dt

d (Yax, Yaks1)

d 2k+1: Y2k
<afg AO)dt +u [ oY) 4 g

J'd (Yors Y )+ (Yak-as Yoks)
0

+6J.(§i(y2k_l’y2k)¢(t)dt+y A1) dt

d 2k Y2k+1 d 2k+11 Y2k
sljo(y Vo) Jy a1 +,1j0(y ) oy at

p(t)dt+y

d 2k-11 Y2k
[ V¥ Pt

Id (Ya1s Yo )+ d(Vaks Yar-n)
0

d (Yakas Yox)

d (Yax, Yo 1)(15(0Olt % ) dt

d (Yax, Yox1)

= pOdt=2[g

+ yJ‘O (yzk 11 y2k)¢(t)dt

d 2k s Y2k+1 2k-11 Y2k
=>j0(y y )¢(t)dt<l+5+yjo(y y )¢(t)dt

l-u-y
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d (Yax, Yoer) d (Yor1,Yax)
=>j0 p(t)dt< hjo HOYAt s (3.1.2)
Where h= m< 1
1=p—y
Now we let,

AX2k+2 = DX2k+3 = Yoks2o BX2k+3 = C:sz+4 = Yokss

d AXZ +21BX2 +2 2 +21CX2 +2 d BXZ +11DX2 +1

d CXZ +21DX2 +1
+5j0( ‘ ‘ )¢(t)dt

+]/ (()j(AX2k+21DX2k+1)+d (Cx2k+21BX2k+1)¢(t)dt

By using equation (3.1.1) we get-

J‘S(YZk+z’Y2k+1) ) dt = f(()j (AXori2,BXor1) S0 dt
<1 (t)i(yzm,yzm) SO dt +u Ig(yzk+l,y2k) J0dt
vs Ig(yzm,ka) SO dtsy d(yzm,yn) d (Yaxt, Yoren) J0dt
< Ig(y2k+z,y2k+1) SO dt g I(c)i(yzm,yﬂ) J0)dt
s Ig(y2k+1,y2k) (dt -+ Io d (Vo2 Yaer) A (Yo, Yae) J0dt
e )jo (y2k+2,y2k+1)¢(t)dt5Mj:(y2k+1,y2k)¢(t)dt % (y2k+1,y2k)¢(t)dt

Vol. 27 No. 2 (2024): June Page|68



AFRICAN DIASPORA JOURNAL OF MATHEMATICS

ISSN: 1539-854X

UGC CARE GROUP | www.newjournalzone.in

+y j‘g (y2k+1’ y2k)¢(t)dt

d 2k+21 Y2k+1
:>J' (Yakszr Yok )¢(t)dt<y+6+y

0 ~1-2—y

d 2k+1y J2
f (Vae yk)¢(t)oIt
0

__uté+y
= <!

d 2k+21 Y2k+1 d 2k+1y Y2k
(1-/1-y)j0 (Yawz. . )¢(t)dt shjo (VoY )¢(t)dt where h=’ijj< 1

d 2k-11 Y2
<hh 0(yk yk)¢(t)OIt

A
IA
A

d 01 )1
<h [ O 4yt

u+s+y

Whereh = Ty

<1,

Now for any m >k

d 2k s Y2m d 2k 1 Y2k+1 +d 2k+1y Yok +———+d 2m-1y Y2m
Io(y y )¢(t)dtsjo(y Yo )+d (Yares, Yax) (Yoms, Y )¢(t)dt
d 2k 1 Y2k-1 d 2k+1y Y2k+2
sjo (oY )¢(t)dt+j0 (Yo )¢(t)dt+ .......

. Id(yZml,yZm)

) #(t)dt

< thIS(yo’yl)¢(t)dt 4 et Ig(yo’y1)¢(t)dt o

d 01 )1
s O6) 44y 1

S(h2k+h2k+1+h2k+2+ .......
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h2k d(Yo, Y1)
o et
d(Yan, Yom) h2 +d(Yo, Y1)
=1, st < — [ p0dt
. d (yZn’yZm)
=lim|l 5 ORI
= lim | -[0 (y2k+2,y2k+1)¢(t)dt =0 as n—o0

Since{x, }is a Cauchy sequence, therefore Xis complete which converges tou € X .

Hence (X,d) is complete cone metric space.

Thus, x, —>uas n— oo and {Ax,, } > uand{Bx,, .} —>u.

Case 1:- Map C is continuous
As C is continuous we have:-
C2x2k—> Cu, CAxy— Cu

Since (A,C) is compatible, so we have AC.a»— Cu

Now,
d C y C 2k d 2k1 2k+1
J‘O( UU) J’O X)()d (ACX,Bx )¢(t)dt
d( 2k+lau)
Io $(t)dt
d (Su,ACx, d (Yoras
_ jo( U AMX )¢(t)dt+j0 Oaeal) 4y
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d(ACX k’BX K+ )

+ J’O 2 2k+1 ¢(t)dt

Where x = Cax&Y = #ok+1

Id (Cu,u) d (Cu,ACXy)

d 2k+11
; pt)ct< [ pt)dt+ | Oaeal) 4o

A 2Kk 1 2 2k d BX2 +llDX2 +1
+;ng( O G )¢(t)dt +MI0( A )¢(t)dt

d(C* Yo, DXy
+5j0( o )¢(t)dt

+y I(? (ACXZk ’ szm) +d (BX2k+l’ c sz) P(t)dt

d(Cu,AC 2k d 2k+11
=j0( HhAMX )¢(t)dt+j0 o) ) i

d(ACx,,,C%x, d (Yo, Yar
+Aj0( Xax X2)¢(t)dt+ufo(y Vee) 4t

+6J€ (C X2k’y2k)¢(t)dt by cc)i(ACxZK,Cu)+d (Cu,C XZk)¢(t)dt

d(C ,AC oK d 2k+11
< [ A st [ g

d (ACX,,CU)-d (Cu,C? %y A (Yaiez,U)-0 (U, Vi
+%( Xo,Cu)-d (Cu x)¢(t)dt+o(y u) (uy)¢(t)OIt

+5.[(()JI (C?*%y,Cu).d(Cu,u).d (u’y2k)¢(t)dt
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d (ACX,,Cu)-d (Cu,u)-d (U, Y )+a( Yarss,u)+d (Cu,u)-d (Cu,C*Xy)

+]/O

u)

)dt < [1+2+7] |

d(C
= [1-5-2y] JO (Cu 0

U,C% %)

+[A+6+y] jg (c (t)dt

d 2k+11
H[1+p+y] Io Ol

AC.to — Cu, C*2— Cu

Yo} = u &fyx+} —u

So we have, d(Cu,u) =0, wegetCu=u

Now,
d(Au,Cu) d(Au,BXy.1)
j 0 pt)dt< [, $(t)dt +

~ jd (Cu,ACXy11)
~Jo

.\ jd(CU,ACXM) SOyt

0
Let = u,&y = a+1We have

d(Au,Cu)
Jo

d BXZ +1’DX2 +1

d(Cu,Dxz.1)
+0 ]

) 0 o(t)dt +y 0
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d(Cu,ACx,,)

g(t)dt

d(U,Ya)

H(t)dt +[u+5+y] Io (t)dt

d (BX.1,CU)

H(t)dt

Pt + [ g (Yaea CU) L

p)dt=] g o) | it 2 | g (AUCU) L oyt

d (Au,DX ., )+d (BX,.,.Cu
( )+ (BXox )¢(t)dt
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d (Au,DXyy.;)+d (BXsy.1,CU)

= j A (Y20, CU) $(t)dt +1 j $(t)dt

0

(Cu,ya)

N jd(y2k+l’y2k)¢(t)dt +6J‘g C H(t)dt

o
d Au’ 2 +d 2k+11 Y2
*Vfo( Yai)+d (Ya yk)qj(t)cIt

(Au,Cu)

J'd(kamCU) SOt

d
< ¢(t)dt+zjo

(CU,ka)

Id(yzm,cu%d CUY) v+ 5 I(;j A(t)dt

+'u0

oy J.(;j (Au,Cu)-d(Cu,y,)-d (y2k+1,CU)¢(t)dt

Cu)

2k d 2k+11
A0aCD Lyt + 14+ fy (. A(t)dt

,.Cu)

d(A
=[1-2-y] -[0 (Au p(t)dt <(u+d+p) IO

Using Cu = u than we have,

d (Yara,U)

O syt g fo O g

,.Cu)

d(A
[1-2-7] jo( pOdt< u+d+p) [

As {y, } > u&{y, ,}—u

We have d(Au,u)=0

And, Au = Cu = u.

Thus u is a point of coincidence of the pair of maps (A,C).

As A(x) €D(x) there exists veX such that u=Au=Dv so, u=Au=Cu=Dv

Taking #=u,y =,
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d(Au,Bv) d(Au,C v,.D

s ZOLEIN Y gtyan+ jo Y gy

+5J.: (Cu,Dv )¢( Hat+ d(Au Dv).d(Bv, Cu)¢(t)dt

So, we have,

d(u,B d(u,B
Jo 2 gt < e [ g

As u+y<1 it follows that d(Bv,u)=0
And we get Bv=u
Thus Bv=Dv=u as their (B,D) is weak compatible we get Bu=Du

Taking .#=u, y=u using Au=Cu &Bu=Du we get

(Au,Bu)

Id(Au,Bu) S0t

d
0 p(t)dt< (527 [

Au=Bu

As s5+2 <1 and we have u=Au=Cu=Bu=Du

Thus u is a point of coincidence of the four self-mapsA,B,C,and D in this case.
Case 2:- Map A is continuous

As C is continuous, we have

A ary—Au , ACrx—Au

Since (A,C) is compatible, so we have CAxx—Au

Now,

d(Au,u)

Jo
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Similarly, we can prove

(15211 g (AU S0yt <1a+y) [ g (AULAY) ot

CAX,) u)

+ (A+6+y) jg (AU, H(t)dt +(u+5+y) I: (ya (t)dt

d(yax,u)

Hie [y gt

As CAop— Au, A2 — Au

{yad = u &fyas) —u
So we have, d(Au, u) =0, we get Au=u
A(X) €D(x) there exist v1eX such that, U=Au=Dv;

’Bvl) AXZklu)

[ d(uBv) POt + [ (;j (Aelt) Lyt

d (Ax,
. H(t)dt sjo

Taking # =25, Yy =Vvithenu =Tv;

d(Bwv,, d (U, Yax d(u,Yas
[L-py] Jo( "9yt < (1) | 5 WY s byt +(yv0) Iy (UYacs) )ty

,CXax)

d(u.B d (Y, d(Ax,,
| B byt < Iy S u)¢(t)dt+zjo( X% Lyt

0

N d(Au,Du)
1)y (t)dt

o5 f: (CM,Du)qj(t)dt . (()j(Au,Du)+d (Cx2k,Bu)¢(t)dt

,U) d(u1y2k) d(u’y2k—l)

d(Bu
[1-6-27] | p(t)dt < (1+a+y) [ Ot +(1+y+5) (t)dt
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As {yu > U &{y,, 1 —>u
We have d(u,Bu)=0
And we get Bu = u thus u=Bu=Du=Au

Now as B(x) € C(x) there exists wieX such that,U=Bu=Cw;

d(Aw,u) _ d(Aw,Bu)
j 0 $(t)dt = j 0 $(t)dt

=Wy, Y = U with u=Du=Bu=Cw;

d(Aw,B d(Aw, d(Bu,D
Jo A gyt <2 1A syt [P e

+5_[(()j (CWl’Du)gé(t)dt by (;Zi(AV\Il,Du)+d (Bu,Cwy) )t

d(Aw, d(u,
= /1]0 (Aw u)¢(t)dt +u 0 w u)¢(t)dt

d(u, d(Aw,u).d(u,
+5IO S u)¢(t)dt+y 0( w.u)-d(u u)¢(t)dt

) Id(Avvl,U)

d(Aw,
SOty [ g

d (Aw,u)

d(Aw,
So, Io( Wlu)¢(t)dt§(z+y) Io $(t)dt

Hence AW; = uas, A+y<1
Aw; = Cw; =u as (A,C) is compatible so (A,C) is weakly compatible.
Au=Cuthusu=Au=Bu=Cu=Du

Hence u is common fixed point of the four self-maps in both the cases.
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UNIQUENESS

Let w = Bw = Cw = Dwbe another common fixed point of four self-maps.
Taking #=u and y = w than we get

,Dw)

jd(Au,BW) d(Au,Cu) W H(t)dt

d(Bw
0 pt)dt=2 | 0 p(t)dt +u | .

vs I(()JI (Cu’Du)qﬁ(t)dt by (()j(AU,DW)+d (BW’Cu)gb(t)dt

:>Id(u,w)

o pdts (6424 | g U ey

Hence u =w as 6+2y< 1.

Thus, the four self-mapsA,B,C & D have a unique common fixed point.

4. CONCLUSION:-We introduced the concept of compatibility of pair of self-maps in

cone metric space without assuming its normality. By Using this concept, we establish a unique
common fixed-point theorem for integral type compatible mapping in which four self-mappings

satisfying a general contractive condition in cone metric space.
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