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ABSTRACT

The main object of this present paper is to provide a unified presentation of class of Sinha polynomials which
generalizes the well known class of Gegenbauer, Legendre polynomials. In this paper we shall give some
basic relations involving the generalized Sinha polynomials and then take up several operational result then
we obtain series representation, hypergeometric representation and generating function which are best stated
in terms of the generalized polynomial.
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INTRODUCTION

Gould [7] presented a systematic study of an interesting generalization of Sinha, Gegenbauer and several other
polynomials systems defined by

> P.(mxypoit’ =(c—me +yt™)P°. (L)
n=0

where m is a positive integer and other parameters are unrestricted in general. In [4], [5] Milovanovic and Dordevic

considered the polynomial {P:m }:]O_O defined by the generating function,

Gh (xt)=(1+2¢ +t™)™"

> Pnkm(x)t n (12
n=0

wherem e Nand A > - 1/2.
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Note that

(),

nl!

For m=1,P" (¥) = (2x-1)",

which is the Horadam polynomials [1].
Form =2, P;”’Z(X) = Ci:(x) (Gogenbauer Polynomials)
For m = 3, weget Horadam-Pethe Polynomials [2]
e P () =P" (%),
where (A), =1,

M), = AD(A+2)A+3).(A+n-1) |

The polynomial P:m (X) is defined by

[n/ml (=K (1) (2%) "
A . n—(m-1)k
Pam —kZ:(l) KI(n—mk)!

The set of polynomials denoted by Sz (x) considered by Sinha [13]
o0
S (" =[l-2¢ +tH(2x -1,
n=0

where sz (x) is defined by

w2 (-1)*(v) (29" H(2x - )"

Sy (9 :g) K1(n—2K)!

SHEEDY n .
k=0 22k(1+j (n—2K)! k!
2 k
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n=123,...

(1.3)

..(1.4)

...(1.5)

...(1.6)

Polynomials (1.4) is precisely a generalization of S,(x) defined and studied by Shreshtha [9].
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For v = 1/2, then (1.4) gives associated Legendre polynomials.
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A generalization and unification of various polynomials mentioned above is provided by the definition

> 0 ~le-2e +E @y T
Forc=y=a=1, then (1.7) reduces to (1.4)

Le. 4, (x1) =S} (%)
Forc=1,a=0, v =2, then by (1.7), we get

&y (% Y)=P,,(9 =C[ () (Gegenbaver polynornials

Now by Pathan and Khan [8], Srivastava and Manocha [6]

mk
(n—mk)!=(_Ln!;Osmk <n

-n),,
Now by [8; p.55 (2.3 & 2.5), p.57 (3.2); p.58 (3.3)]
k
(0) _ D@ gy
d-a-n),
> (a) 2"
-a _ o\
(1_2) _lFO(a1_9Z)_Z r:l
n=0 .
and
) 1tk ,n-k
(t+v)" :Z nit" v
= kln-K)!

We know that Legendre’s duplication formula is

1
). =2% ﬂj (”L - k=012...
(M (2 kL 2 g
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...(1.9)

...(1.10)

(L1

..(1.12)

L(1.13)

.(1.14)
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In the present paper, we shall give some basic relation involving the generalized polynomial ¢; (X, y)

and then take up several operational results, series representations, hypergeometric representations and generating
functions.

Definition (1.7) of (I))]/ (X, y) is general enough to account for many of polynomials involved in

generalized potential problems [10], [11], [12].

This is interesting since as will be shown the polynomial d): (X, y) contain [7], [5], [13].

Finite series representation for ¢; xy)

Here we obtain the following two finite series representation for (I): (XY) ,viz

[n/2] ( 1) c V- n+k( )n k(zx) n—2k(2X_y)ak

M (XY= Z =29 20

i oY= 2 2

k=0 s=0 k' S' (n—2k)! X

—v—N+S ;
[l ke (), (2K +2v) L (—K) X,{(Zx—y)aj 22)

Proof.(i) Now by (1.7)

O (" =[c—2¢ +t3(2x—y)* T
n=0

2 a) |
o 1_{2><t—t (2x-y) }

c

Now using (1.12) and (1.13), we get

n-k 24k
Z oY (x YR =c” Z V). z (=D (20) " [(@x - y)°t’]
Ki(n—ky1c"

0 [n/2] ( 1)k —-V— n+k( )n_k(zx) n—2k(2X_y)aktn

2 hoentt =2 >
n=0

=0 k=0 k!(n—-2Kk)!
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Now equating the coefficient of t" on both side, we arrive at (2.1).
Proof (ii)

Again by (1.7)

> (" =[c—2¢ +t3(2x—y)' T
n=0

2 2 al”’
{l_zﬁ (2)-(2) +t2<zx—y>}
c c c c

X2

(V) (2k+2v) (-K), (& )MK(C(ZX—y)a J
C

n=0 k=0 s=0 ktn!s!

A e c@x-y) |
n=0 k=0 s=0 k! s!(n-2k)! c 2
Comparing the coefficient of t" on both side, we arrive at (2.2).

Hypergeometric Representation for ¢E xy)

The finite series representation (2.1) for (1):1’ (X y) is of particular interest to us in obtaining the following

hypergeometric form for ¢ ' (X, Y), viz.
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5 (x y):(v)n(ZX)n 2':1{ 2 c@x —y)? }
n n!CrH—V

1-v- n X2

Proof
Since by (2.1)

. y)m 02 (- (v) (29 " (2x —y)*
Z k!(n—2k)!c"*”‘k

Now using (1.10) and (1.11), we get

Voo o) )Ny (29 " 2x -y
¢n(xy)—k§ k!(1-v—-n),n!

Cv+n—k

Now using Legendre’s duplication formula, we get

k(=N (-n+1
¢V(w):["z’21 2 (ZM 2 jk (29 " (2x —y)*

k!(l—v—n)kn!

-n) (—-n+1
BONC NG ((2M 2 jk

k
c(2x —y)?
nlectv kZ:;‘) (1—v—n)kk! ( X2 j

which is equivalent to (3.1).

Cv+n—k

Generating Functions for ¢z (x,y)

We now obtain the following generating function for (I)z (X Y), viz

2 (), b (x "
2 v),

0 1
£ @0 [ gy
- = n ICv+n 3 2| v+n v+n+l

, ; c
27 2

Proof. Consider the following series and using (2.1), we get
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i (€), o (x " = 2 (e) (-D*(v) (X" (2

-Y)
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aktn

), :ng 2

n=0 k=0 (v), k!(n—2Kk)! c

Inl v+n+k
(v)n+2k k.n Ic

Now using (1.8) and Legendre’s duplication formula, we get

v+n-Kk

e

(e+nj (e+n+1j (vn) .
:i (e) (20)" i 2 )\ 2 ) k{—(Zx—y)atz}
)

onld™ & k|(v+nj (v+n+1
k

2 2

which is equivalent to (4.1).
Special Cases
()] For y=c=1,a=0,then (2.1) and (2.2) reduces to

[8; p.57 (2.10 & 2.11)]

For c=1,a=0,v=1/2, then (2.1) and (2.2) reduces to

[3; p.164 (1)]

(m For a =0, c =1then (3.1) gives hypergeometric representation of
—n+1
V), 2" |27
C'=—""r Fl 22 =
n n! 2 1| 1-v-n; X

which is a known result [3; p.280 (19)].
For v=1/2in (5.1), we get [3; p.166(4)].

(nn For c=a=y=1in(4.1), we get

5 (e) S’ (" 5 @,0" (e), <2xt)
n=0 (V)n n=0
e+n e+n+l )
22 T o pyt?
><3':2 VHN v+l —(2X =Dty
27 2
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which is a known generating function for SI (X) [8; p.60(4.6)].

For e = v, then (5.2) gives

2 2 (V) (20" [vn;
PIEMCIEEDY ”n—llF0 (2 —Dt? |, .(53)
n=0 n=0 : ’

which is a known result given by Sinha [13; p.439(2)].

(1v) For y=0in (4.1), we get

S ORMeIN
Z n'n

n=0 (V)n

B (e)n (2)¢) n . e+n’e+;+l,v+n; —(2X) a t2

2 ~—7
n!Cv+n 32 v+n’v+n+1; C ’ --(5.4)
2 2

which is a new and un known result.

V) For e=vandy =2xin (4.1), then we get

d = (v) (20)"
dr(x20t " =3
ré) n nZ:(:) n !Cv+n
v A
=C lF0 {v,—,T} ...(5.5)

)} For e=vin (4.1), we get

n=0 n=0 n !Cv+n

© © n ng2
> ¢ (% " => MlF{wn;—;M} ...(5.6)

Equations (5.5) and (5.6) are new and un known results.
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